Many engineering problems have a wide range of length scales in their solutions. Direct numerical simulations for these problems typically require extremely-large amounts of CPU time and computer memory, which may be too expensive or impossible on the present supercomputers. In this paper, we present a high-order method, based on the multiscale basis function framework and integrated radialbasis-function networks, for solving multiscale elliptic problems in one dimension.
Introduction
In composite materials, the presence of particles/fibres in the resin gives rise to the multiscale fluctuations in the thermal or electrical conductivity. In porous media, formation properties such as permeability have a very high degree of spatial variability. These effects are typically captured at scales that are too fine for direct numerical simulation. To enable the solution of these problems, a number of advanced numerical methods have been developed. Examples include those based on the homogenisation theory (e.g. [1] ), upscaling methods (e.g. [2] ) and multiscale methods (e.g. [3] ). The homogenisation-theory-based methods have been successfully applied for the prediction of effective properties and statistical correlation lengths for multicomponent random media. However, restrictive assumptions on the media, such as scale separation and periodicity, limit their range of application. Furthermore, when dealing with problems having many separate scales, they become very expensive because their computational cost increases exponentially with the number of scales. For upscaling methods, their design principle is based on simple physical and/or mathematical motivations. A heterogeneous medium is replaced by a homogeneous medium characterised by equivalent properties, and coarse-scale equations are prescribed in explicit form. Although upscaling techniques are effective, most of their applications have been reported for the case of periodic structures. As opposed to upscaling, multiscale methods consider the full problem with the original resolution. The coarsescale equations are formed and solved numerically, where one constructs the basis functions from the leading order homogeneous elliptic equation in coarsescale elements. The idea of using the non-polynomial multiscale approximation space rather than the standard piecewise polynomial space was first introduced by Babuška et al. [4] for one-dimensional problems and by Hou and Wu [3] for two-dimensional elliptic problems. These methods have the ability to capture accurately the effects of fine-scale variations without the need for using global fine meshes. Multiscale methods can be categorised into multiscale finite-element (FE) methods (e.g. [5, 6] ), mixed multiscale FE methods (e.g. [7, 8] ) and multiscale control-volume (CV) methods (e.g. [9, 10] ). Typically, there are two different meshes used: a fine mesh for computing locally the basis function space, and a coarse mesh for computing globally the solution of an elliptic partial differential equation (PDE). The multiscale bases are independent of each other and their constructions can thus be conducted in parallel. In solving the elliptic PDE, one may only need to employ a mesh that today's computing resources can afford for computing. For two-scale periodic structures, Hou et al. [11] have proved that the multiscale FE method indeed converges to the correct solution independent of the small scale in the homogenisation limit. Multiscale techniques require the solutions of elliptic PDEs which are achieved by means of discretisation schemes.
Radial-basis-function networks (RBFNs) are known as a powerful tool for the approximation of scattered data. Their application to the solution of PDEs has received a great deal of attention over the last 20 years (e.g. [12] and references therein). It is easy to implement RBF collocation methods and they can give a high-order convergence solution. A number of RBF approaches, based on local approximations, domain decompositions, preconditioning schemes and compactly-supported basis functions, have been presented, towards the solution of large-scale problems. Integrated RBFNs (IRBFNs) proposed by Mai-Duy and Tran-Cong [13, 14] , in which highest-order derivatives under consideration are approximated using RBFNs and lower-order derivatives are obtained through integration, have several advantages over conventional differentiated RBFNs. The purposes of using integration (a smoothing operator) to construct the approximants are (i) to avoid the reduction in convergence rate caused by differentiation and (ii) to improve the numerical stability of a discrete solution.
This paper is concerned with the incorporation of IRBFNs and subregion collocation (i.e. control-volume (CV) formulation) into the non-polynomial approximation space approach, called msIRBFN-CV method, for solving onedimensional multiscale elliptic problems. The remainder of the paper is organised as follows. Section 2 presents the governing equation. The proposed method is described in Section 3 and numerical results are given in Section 4. Section 5 concludes the paper.
Governing equation
A class of multiscale problems arising from composite material and porous media can be modelled by second-order elliptic PDEs
where the coefficient a ε is an oscillatory function involving a small scale. In the case of heat conduction in composite materials, u and a represent the temperature and thermal conductivity, respectively. In the case of flows in porous media, u is the pressure and a = k/ν is the ratio of the permeability k and the fluid viscosity ν. In this work, we consider (1) in one dimension.
Conventional discretisation techniques using piecewise polynomial approximation spaces can be applied to solve (1) . However, it would require the mesh size h be much smaller than the finest scale, i.e., h ε. In contrast, the multiscale computational framework uses a coarse grid of size h > ε and an adaptive basis which incorporates the small-scale features of the oscillating coefficient function a ε (x). Integrated RBFNs are designed to construct the multiscale basis function space.
Present msIRBFN-CV method

Integrated radial-basis-function networks
IRBFNs, which are employed with the multiquadric function, for the representation of a function y and its derivatives (e.g. up to the second order) in one dimension can be mathematically described as
where C 1 and C 2 are constants of integration and 
in which
is a set of centres and
is a set of RBF widths. A set of collocation points {x i } m i=1 is taken to be a set of centres, while the RBF width is chosen according to the following relation
where β is a factor and d i is the minimum distance from the ith centre to its neighbouring centres. A factor β is simply chosen to be unity in the present study. Since C 1 and C 2 are to be found, we treat them like the RBF weights.
Incorporation IRBFNs into the multiscale basis function framework
The problem domain is represented using a set of N nodal points, called a global coarse-scale grid. This grid is used for solving the coarse-scale equation (1). On each interval or coarse element, [x i−1 , x i ] with i = {2, 3, . . . , N}, an approximation to the field variable u is sought in the form
where
, and φ i−1 (x) and φ i (x) the basis functions. We employ subregion collocation to discretise (1). Each node x i with i = {2, 3, . . . , N − 1} is surrounded by a control volume
by Ω i (Figure 1 ). Integrating (1) over a control volume Ω i , one has
Taking (8) 
where 
It can be seen from (11) that, owing to the presence of the two integration constants, equation (10) is forced to be satisfied exactly not only at the interior points but also at the two end points. 
Numerical results
Values of
Figures 2-9 summarise our multiscale modelling of
ε (x) = 1/(2 + x + sin(2πx/ε)) and ε = 0.01. The domain is discretised using a series of 8,10,. . . ,68 uniform coarse elements (i.e. N = {9, 11, . . . , 69}) and the shape functions that capture the fine scale physics in each coarse element are numerically obtained with our IRBFN collocation method using 55 uniform nodes (i.e. M = 55). Figure 2 displays the behaviour of the numerical shape functions obtained by our IRBFN collocation method on the interval 0 ≤ x ≤ 0.1 with a relative L 2 error norm of N e = 3.8451 × 10 −5 and a convergence rate of 5.0434. The coarse scale solution at the coarse grid points is obtained by a conservative control volume method. In order to have a good and consistent measure of accuracy, error norms in all cases are computed using the same 10,000 test points where the fine-scale solution is recovered via simple multiplication of the coarse results with the shape functions at the test points. 
Concluding remarks
In this paper, we have successfully introduced IRBFNs into the multiscale basis function framework. High rates of convergence for the solution of the fine scale equation are obtained. Numerical results show that our msIRBFN-CV approach captures the fine details quite well. However, we can only guarantee a C 0 solution. We are currently investigating ways to improve the choice of shape functions. 
